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Abstract. The multiplicity free spaces with a one dimensional quotient were introduced by 
Thierry Levasseur in [TT]. Recently, the author has shown that the algebra of differential op- 
erators on such spaces which are invariant under the semi-simple part of the group is a Smith 
algebra ([12]). We give here the classification of these spaces which are indecomposable, up 
to geometric equivalence. We also investigate whether or not these spaces are regular or of 
parabolic type as a prehomogeneous vector space. 
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1. Introduction 

A multiplicity free space is a representation of a connected reductive group G on a finite 
dimensional vector space V (everything is denned over C) such that every irreducible repre- 
sentation of G appears at most once in the associated representation of G on the space C[V] of 
polynomials on V (see Section 2 for details). For a survey on multiplicity free spaces we refer 
to pp. Multiplicity free spaces, which were introduced by V. Kac in [6], play now an impor- 
tant role in invariant theory and harmonic analysis (see for example [1] , [5] , [9] , the references 
in p], see also [8] for a more general concept). Various characterizations of multiplicity free 
spaces, which are summarized in Theorem 12.3.21 below, were obtained by Vinberg-Kimelfeld 
([23]). Howe-Umeda ([5]), Knop ([9]). A corollary of these characterizations is that a multi- 
plicity free space is always a prehomogeneous space (in fact even under a Borel subgroup). 
This is the reason why prehomogeneous vector spaces occur so often in this paper. The clas- 
sification of multiplicity free spaces was achieved independently by Benson- Ratcliff (|2j) and 
Leahy (|10j) after partial classifications by Brion ([3]) and Kac (|SJ)- 
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In this paper we are interested in a specific family of multiplicity free spaces, the so-called 
multiplicity free spaces with a one dimensional quotient which were introduced by T. Lev- 
asseur in This means roughly speaking that the categorical quotient V//G' has dimension 
one, where G' is the semi-simple part of G (see Definition 12.4.11 below). In his paper T. Lev- 
asseur proves that if (G, V) is a multiplicity free space with a one dimensional quotient, then 
the radial component of the (non-commutative) algebra D(V) G ' of G'-invariant differential 
operators is a Smith algebra over C. In a recent paper ([E]) we showed that the full algebra 
D(V) G is a Smith algebra over its center, which is a polynomial algebra. 

The purpose of this paper is to give the complete classification of all multiplicity free spaces 
with a one dimensional quotient, including irreducible and non irreducible representations. 
Our classification is obtained up to geometric equivalence, which is the natural equivalence 
relation among multiplicity free spaces. It is worthwhile noticing that the list of irreducibles 
already appears in [11]. Moreover our investigations lead in all cases (irreducibles and non 
irreducibles) to some extra informations like parabolicity, regularity, and explicit fundamental 
relative invariants of the underlying prehomogeneous vector spaces. 

In section 2 we recall general facts about multiplicity free space. We give first a brief account 
of the theory of prehomogeneous vector spaces (2.1) and also recall the definition of parabolic 
type prehomogeneous spaces (2.2), including their weighted Dynkin diagrams which encode 
many informations (see Definition 12.2.11 and Remark 12.2.2ft . General definitions and results 
about multiplicity free spaces can be found in 2.3. and 2.4. In 2.5, as an example, we describe 
an important family of irreducible multiplicity free space with a one dimensional quotient, 
namely the irreducible regular prehomogeneous vector spaces of commutative parabolic type. 

Section 3 contains the main result, the classification theorem of the multiplicity free spaces 
with a one dimensional quotient (Theorem I3.3|) . The corresponding lists (Tables 2 and 3) 
take place at the end of the paper. 

Section 4 is devoted to the proof of Theorem 13.31 The proof uses case by case examinations 
from the list by Benson and Ratcliff Q2J) and some tools from the theory of prehomogeneous 
vector spaces. 

Notations: In this paper we will denote by GL(n), SL(n), SO(n) the general linear group , 
the special linear group, the special orhogonal group of complex matrices of size n respectively. 
As usual we will denote by Sp{n) the symplectic group of 2n x 2n complex matrices. We will 
also denote by gt(ra), sl(ra), o(n), sp(n) the corresponding Lie algebras. The vector space of 
m x n complex matrices will be denoted by M m ^ n , and the space of square n x n matrices 
will be denoted by M n . Finally Sym(n) will denote the n x n symmetric matrices and AS(n) 
will denote the skew symmetric matrices. If n is even and if x £ AS(n), then Pf(x) stands 
for the pfaffian of the matrix x. 

2. Multiplicity free spaces. Basic definitions and properties 
2.1. Prehomogeneous Vector Spaces. 

Let G be a connected algebraic group over C, and let (G, p, V) be a rational representation 
of G on the (finite dimensional) vector space V . Then the triplet (G, p, V) is called a pre- 
homogeneous vector space (abbreviated to PV) if the action of G on V has a Zariski open 
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orbit G V. For the general theory of PV's, we refer the reader to the book of Kimura 
[7] or to [20]. The elements in Q are called generic. The PV is said to be irreducible if 
the corresponding representation is irreducible. The singular set S of (G, p, V) is defined by 
S = V \ f2. Elements in S are called singular. If no confusion can arise we often simply 
denote the PV by (G, V). We will also write g.x instead of p(g)x, for g £ G and x G V. It is 
easy to see that the condition for a rational representation (G, p, V) to be a PV is in fact an 
infinitesimal condition. More precisely let g be the Lie algebra of G and let dp be the derived 
representation of p. Then (G, p, V) is a PV if and only if there exists v € V such that the 
map: 

— > V 

X i— ► dppQu 

is surjective (we will often write X.d instead of dp(X)v). Therefore we will call (g, V) a PV 
if the preceding condition is satisfied. 

Let (G, V) be a PV. A rational function / on V is called a relative invariant of (G, V) if there 
exists a rational character \ of G such that f(g.x) = x{9)f{ x ) f° r 9 £ G and x 6 V. From the 
existence of an open orbit it is easy to see that a character \ which is trivial on the isotropy 
subgroup of an element x £ ft determines a unique relative invariant P x . Let Si, S2, ■ ■ ■ , Sk 
denote the irreducible components of codimension one of the singular set S. Then there 
exist irreducible polynomials Pi, P2, ■ ■ ■ , Pfc such that Si = {x £ V \ Pi(x) = 0}. The Pj's are 
unique up to nonzero constants. It can be proved that the Pj's are relative invariants of (G, V) 
and any nonzero relative invariant / can be written in a unique way / = cP^PJ 12 . . . P£ k , 
where rij G Z and c G C* . The polynomials P\, P2, ■ ■ ■ , Pk are called the fundamental relative 
invariants of (G, V). Moreover if the representation (G, V) is irreducible then there exists 
at most one irreducible polynomial (up to multiplication by a non zero constant) which is 
relatively invariant. 

The prehomogeneous vector space (G, V) is called regular if there exists a relative invariant 
polynomial P whose Hessian Hp{x) is nonzero on fi. If G is reductive, then (G, V) is regular 
if and only if the singular set S is a hypersurface, or if and only if the isotropy subgroup of a 
generic point is reductive. If the PV (G, V) is regular, then the contragredient representation 
(G, V*) is again a PV. Regular PV's are of particular interest, due to the zeta functions that 
one can associate to their real forms (|21j). 

Remark 2.1.1. Let us mention a well known Lemma from the Theory of PF's , which will 
be used in section 4. If (G, V) is a PV, and if X$ is a generic point, then the characters arising 
as characters of relative invariants are the characters of the quotient group G/H where H 
is the normal subgroup of G generated by the derived group [G, G] and the generic isotropy 
subgroup Gx - This group does not depend on Xq. For details, see [7], Proposition 2.12. p. 28. 

2.2. PV's of parabolic type. 

A PV (G, V) is called reductive if the group G is reductive. Among the reductive PV's there 
is a family of particular interest, the so-called PV's of parabolic type. Let q be a simple Lie 
algebra over C. Let f) be a Cartan subalgebra of q, and let S be the root system of (g, f)). 
We fix once and for all a system of simple roots \E' for E. We denote by S + (resp. S~) the 
corresponding set of positive (resp. negative) roots in E. Let 6 be a subset of ^ and let us 
make the standard construction of the parabolic subalgebra po C g associated to 9. As usual 
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we denote by (9) the set of all roots which are linear combinations of elements in 9, and put 

(0)± = (0)nE± 

Set 

f )e = ^ = {XGf ) |a(x) = o v«G^, fe= 3ll (^) = r,e ^ s a , 4= J2 0° 

aG(0) aGE±\<0)± 

Then p# = © is the standard parabolic subalgebra associated to 9. There is also a 
standard Z-grading of g related to these data. Define Hg to be the unique element of l)g 
satisfying the linear equations 

a(H e ) = Va € 9 and a(iT e ) = 2 Va € * \ 9. 

The above mentioned grading is just the grading obtained from the eigenspace decomposition 
of ad Hg: 

d p {9) = {Xeg\[Hg,X]=2pX}. 

Then we obtain easily: 

5 = ®pezd p (9), l e = d (9), n+ = ^d p (9), n = ^ d p (9). 

p>\ p<-i 

It is known (using a result of Vinberg [22J) that (\g, d\(9)) is a prehomogeneous vector space. In 
fact all the spaces (\g, d p (9)) with p ^ are prehomogeneous, but there is no loss of generality 
if we only consider (ig, di(9)). These spaces have been called prehomogeneous vector spaces 
of parabolic type (|13j). There are in general neither irreducible nor regular. But they are 
of particular interest, because in the parabolic context, the group (or more precisely its Lie 
algebra lg) and the space (here d\(9)) of the PV are embedded into a rich structure, namely 
the simple Lie algebra q. For example the derived representation of the PV is just the adjoint 
representation of lg on d\(9). Moreover the Lie algebra q also contains the dual PV, namely 

There is an easy criterion to decide wether or not an irreducible PV of parabolic type is 
regular and in fact most of the reduced irreducible reductive regular PV's from Sato-Kimura 
list are of parabolic type (for details we refer to [2], [IS] and |16|). 

As these PV's are in one to one correspondence with the subsets 9 C VP, we will describe 
them by the mean of the following weighted Dynkin diagram: 

Definition 2.2.1. The diagram of the PV (lg,d\(9)) is the Dynkin diagram of (fl,f)) (or £ 

) where the vertices corresponding to the simple roots of \P \ 9 are circled (see an example 
below) . 

This very simple classification by means of diagrams contains nevertheless some immediate 
and interesting information concerning the PV (lg,di(9)) (for all these facts, see |13| . |14| . 
[15] or pi]): 

Remark 2.2.2. 

a) The Dynkin diagram of \' e = \ig,lg\ (i.e. the semi-simple part of the Lie algebra of the 
group) is the Dynkin diagram of q where we have removed the circled vertices and the edges 
connected to these vertices. 

b) In fact as a Lie algebra lg = lg' © t)g and dim t)g = the number of circled vertices. 

c) The number of irreducible components of the representation (lg, d\(9)) is also equal to the 
number of circled roots, and hence the parabolic PV (lg,d±(9)) is irreducible if and only if 
pg is maximal. More precisely, if a is a (simple) circled root, then any nonzero root vector 
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X a £ Q a generates an irreducible [^-module V a , and d\(9) = (B a £^\gV a is the decomposition 
of d\{9) into irreducibles. 

The decomposition of the representation (lg,di(9)) into irreducibles can also be described by 
using the eigenspace decomposition with respect to &d(t)g), as we will explain now. For each 
a G f)*, let a be the restriction of a to \)g and define 

s = {X G | VH G [jfl, X] = a(H)X}. 

Then 0° = lg and for a£f \ we have V a = a . Hence we can write d\(9) = @ a <z^\gQ a . 
Moreover one can notice (always for a G ^ \ 9) that V a = Q a = X^seof s' 3 ' where af is the 
set of roots which belong to a + span(#). 

d) One can also directly read the highest weight of V a from the diagram. The highest weight 
of V a relatively to the negative Borel sub-algebra bg = f) © X^ a e(6»)- a is a 7 = a |i, (e) - Let up 
(J3 G #) be the fundamental weights of l' e (i.e. the dual basis of (Hp)p E g). For each circled 
root a (i.e. for each a G \& \ # ), let J Q = {(/?«)} be the set of roots in 9 (= non-circled) which 
are connected to a in the diagram. From elementary diagram considerations we know that 
J a may be empty and that there are always no more than 3 roots in J a . 
If J a = 0, then V a is the trivial one dimensional representation of lg. 

If J a y£ 0j then the highest weight a of V a is given by a = Y^ieJ c « w ft where Cj = a(Hp.) 
and where a(H^) can be computed as follows: 

' if |H| < HftH, then a(H p .) = -1 ; 
(i?) < if ||a|| > \\fa\\ and if a and are connected by j arrows (1 < j < 3), 
then a(iT ft ) = -j . 

Let us illustrate this with an example. 

Example 2.2.3. Consider the following diagram: 

® • • • • • < (§ ) C7 

ai fa fa fa fa fa «2 



This diagram is the diagram of a PV of parabolic type inside ~ sp(7) — C7. The Lie 
algebra \g is isomorphic to © fjg ~ sl(6) © where dim t)g = number of circled roots = 2. 
There are two irreducible components V ai and V a2 , and the highest weight of (A5, V ai ) (resp. 
(A^,V a2 )) relatively to the Borel subalgebra b@ is u% (resp. 2u§), where Ui (i=l,. • . ,5) are 
the fundamental weights of A§ corresponding respectively to fa, . . . , fa. 

2.3. Multiplicity free spaces. 

For the results concerning multiplicity free spaces we refer the reader to the survey by Benson 
and Ratcliff (|1J) or to [9] . Let (G,V) be a finite dimensional rational representation of a 
connected reductive algebraic group G. Let C[V] be the algebra of polynomials on V. Then 
G acts on C[V] by 

g.i P (x)=i P (g- 1 x) (geG,ipeC[V]). 

As the space C[y] n of homogeneous polynomials of degree n is stable under this action, the 
representation (G, C[V]) is completely reducible. Let D(V) be the algebra of differential 
operators with polynomial coefficients. The group G acts also on D(V) by 

(g.D)(<p) = g.(D(g-\v)) (geG,De D(V), V G C[V}). 
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Definition 2.3.1. Let G be a connected reductive algebraic group, and let V be the space 
of a finite dimensional (complex) rational representation ofG. The representation (G,V) is 
said to be multiplicity free if each irreducible representation of G occurs at most once in the 
representation (G, C[V]). 

From now on " multiplicity- free" will be abbreviated to " MF" . 
Let us give some results concerning MF spaces (see p], [5], [9]): 

Theorem 2.3.2. 

1) A finite dimensional representation (G, V) is MF if and only if(B, V) is a prehomogeneous 
vector space for any Borel subgroup B of G (and hence each MF space (G, V) is a PV). 

2) A finite dimensional representation (G, V) is MF if and only if the algebra D(V) G of 
invariant differential operators with polynomial coefficients is commutative. 

3) // (G, V) is a MF space, then the dual space (G, V*) is also MF. More generally if (G, W '© 
V) is a representation of G where W and V are G-stable, then (G, W © V) is MF if and only 
if(G,W®V*) is MF. 

Proof. (Indications) 

Part 1) is due to Vinberg and Kimelfeld (|23j). another proof can be found in [9] . Part 2) is 
due to Howe and Umeda (|5J, Proposition 7.1). The first assertion of Part 3), also noted in [5], 
is a consequence of the G-equivariant isomorphism C*[y*] ~ (C l [V])*. The second assertion 
of 3) is Corollary 3.3 in [TO] . 

□ 

Note that the commutativity of D(V) for a MF space is just a consequence of the definition, 
since we have a simultaneaous diagonalization of all the operators in D(V) G . 

If (G, V) is a MF space, and if B is a Borel subgroup of G, then, as we have seen (G, V) and 
(B, V) are prehomogeneous spaces. Let us denote by Aq, Ai, . . . , A&, . . . , A r the fundamental 
relative invariants invariants of the PV (B,V), indexed in such a way that Ao, Ai, . . . , A& 
are the fundamental relative invariants of the PV (G, V) and such that the other invariants 
are ordered by decreasing degree. It is worthwhile noticing that at least A r is of degree one as 
the highest weight vectors of the irreducible components of V* must occur. The nonnegative 
integer r + 1 (= the number of fundamental relative invariants under B) is called the rank of 
the MF space (G, V). 

2.4. Multiplicity free spaces with a one dimensional quotient. 

Let us now define the main objects this paper deals with. 

Definition 2.4.1. (T. Levasseur [TTj ) 

1) A prehomogeneous vector space (G,V) is said to be of rank one El if there exists an homo- 
geneous polynomial Aq on V such that Aq £ C[V] G and such that C[V] = C[Ao]. 

2) A multiplicity free space (G, V) is said to have a one- dimensional quotient if it is a PV of 
rank one. (This implies that the categorical quotient V//G' has dimension 1.) 

Although the following result is implicit in |11| we provide a proof here. 

Proposition 2.4.2. 

4t is worth noticing that if (G, V) is multiplicity free, then its rank as a PV is not at all the same as its 
rank as a MF space. 
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If (G, V) is a PV of rank one, then the polynomial Ao is the unique fundamental relative 
invariant of (G, V). More precisely a PV (G, V) is of rank one if and only if it has a unique 
fundamental relative invariant. 

Proof. We can write G = G'C where G' = [G, G] is the derived group of G and where 
C = Z(G)° ~ (C*) p is the connected component of the center of G. Let g G C. Then 
Ao(t? —1 x) is again G'-invariant. As C[F] G = C[Ao] and as Ao(g~ 1 x) has the same degree 
as Ao we obtain that Ao(g^ 1 x) = x(g)Ao(x) with xid) £ C*. Therefore Ao is a relative 
invariant. Suppose that Ao is not irreducible. Then Ao = P\ . . . P m , where the polynomials 
Pi are irreducible relative invariants and <?°(Pj) < d(Ao). We should have Pi G C[Ao], which 
is impossible. Hence Ao is irreducible. If / is another fundamental relative invariant then we 
would have / G C[Ao] which is impossible. 

It remains to prove that if a PV (G, V) has a unique fundamental relative invariant Ao then 
it is of rank one. As Ao is non constant we have of course that Ao ^ C[V] G . Let P £ C[V] G . 
If P = Pq + Pi + • • • + P m whith d°{Pi) = i, then each Pi is G'-invariant. Therefore we can 
suppose that P has fixed degree n (i.e. P G C[V] G ' nC[V] n ). 
Let 

:m" 0.u, 

j=0 

be the decomposition of C[y] n into G'-isotypic components. We suppose that Mq is the 
isotypic component of the trivial G'-module (M = C[V] G ' n C[V] n ). Hence P G Mq. As 
G = CG', the group G stabilizes each Mj. Therefore we can write 

M O = 0M X 

where the G-isotypic components M x of Mq are indexed by characters x °f G and given by 

M x = {if € M \^{z~ 1 x) = x(«)¥?(x),Vz G C,x £ V}. 

Hence P = J^^X' ^ -^X' ano - ^ or z ^ Cjfi 1 ' G an d G ^ we have P x (zg'x) = 
X~ 1 (z)P x (g'x) = x~ 1 { z )Px( x )- Therefore each P x is a relative invariant. But (G,V) has a 
unique fundamental relative invariant namely Ao- Hence P x = c x Aq (c x G C). The exponent 
j does not depend on x, since all the P x s have the same degree. Therefore all the characters 
X are the same, namely X = where Ao is the character of Ao- This implies that Mo = M^j , 

and that P = cA j Q . Hence C[V] G ' = C[A ]. 

□ 

The following result gives a criterion to decide whether or not a PV has rank one. It will be 
useful in section 4 for the classification of the MF spaces with a one dimensional quotient. 

Proposition 2.4.3. 

Let G be a connected algebraic group and let (G, V) be a PV. We suppose that V = V\ © Vi 
where V\ and Vi are G-stable subspaces, and that (G,V\) is a rank one PV. Let (xo,yo) be 
a generic element in V, with xq G Vi and yo G Vi- Let G Xo be the isotropy subgroup of xq. 
We suppose also that the prehomogeneous vector space (G Xo ,V2) has no nontrivial relative 
invariant (this property does not depend on the choice o/(xo,yo))- Then (G, V) is a rank one 
PV. 
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Proof. For the fact that (G X0 ,V2) is a PV and that yo is generic for this PV we refer to 
[18J. As (G,Vi) is a rank one PV it has a unique fundamental relative invariant f(x) by 
Proposition 12.4.21 Define Ao(x,y) = f(x) (x G Vi,y G V2). Then, as it is irreducible, Ao(x,y) 
is a fundamental relative invariant of (G, V). Let ip(x,y) be a fundamental relative invariant 
of (G, V) and consider the function y 1 — > ip(xQ,y). For 5 G G XQ , we have ip(gxo,gy) = 
cp(x ,gy) = x v (g)<f(xo, y)- Hence y 1 — ► ^(^0,2/) is a relative invariant of (G XQ ,V 2 ). But 
by hypothesis (G X0 ,V2) has no nontrivial relative invariant, hence for all y G V2, we have 
(p(xo,y) = tp(xo) (constant with respect to y). But as this is true for any generic xq G Vi, 
we obtain that ip(x,y) = ifi(x) , for all x G V\ and all y G V%. In other words does only 
depend on the x variable. As <p is irreducible, so is also tp. And ip is then a relative invariant 
of (G, Vi), hence ip = cf (c G C), or equivalently (p(x,y) = cAo(x,y). Then Proposition 12.4.21 
implies that (G, V) is a rank one PT^. 

□ 



Notation: If (G, V) is a MF space with a one dimensional quotient, we will sometimes say 
that (G, V) is QD1. 



2.5. An exemple: the regular commutative PV's of parabolic type. 

Among the PF's of parabolic type there is a family, the so-called regular commutative PV's 
of parabolic type, which are MF spaces with a one dimensional quotient. We will give here 
a brief description of these objects. Notations and conventions are the same as in section 
2.2. The PV's of parabolic type we are going to describe are irreducible. Therefore there 
is only one circled root which we denote by «o (and then 8 = ^ \ {ao})- I n this section 
we will impose the extra condition that the coefficient of ao in the highest root is 1. This 
implies that d p (8) = {0} for p ^ 0,1,-1. Hence pg = [q © d\{9), and the nilradical d\{8) 
of pg is a commutative subalgebra. Therefore the spaces (lg,di(9)) are called commutative 
PV's of parabolic type. It is known that these PV's are all MF spaces f[12j). By Proposition 
12.4.21 those which have a one dimensional quotient are exactly those which have a non trivial 
relative invariant. From |12j these are also exactly those which are regular, and the list is 
given in Table 1 below. As they are irreducible, and as the center of \g is one-dimensional, 
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these spaces are automatically indecomposable and saturated (see Definition 13.11 below). 

Table 1 

Regular PV's of commutative parabolic type 








k 






• • • — @ — • • • 

"1 «n+l OL 2n +l 


sl(n + 1) x g[(n + 1) 




B n 


® — • — • — • • > • B n (n > 2) 


so(2n - 1) x C 


C 2n-1 


C n 


• — • — • • — > <(S) C n 


g[(n) 


Sym(n) 


Di 


®— • • • • <^ D n (n>4) 


so(2n - 2) x C 


C 2n-2 




■ . . m—^D^ (n > 2) 

>• 


0l(2n) 


AS(2n) 


E 7 


• • • • • — (§) E-j 


£ 6 xC 


C 27 



3. The classification 

Let us now explain the classification of MF spaces with a one dimensional quotient. We begin 
to describe briefly the classification of all MF spaces. Kac ([B]) determined all the cases where 
the representation (G, V) is irreducible. Brion (|3J) did the case where G' = [G, G] is (almost) 
simple. Finally Benson-Ratcliff and Leahy did the rest, independently ([T], [2], |1U] .[5]). 

Definition 3.1. (see [9] ) 

1) Two representations (G±,pi, V±) and (G2,P2, V2) are called geometrically equivalent if there 
is an isomorphism <I> : V\ 1 — > V2 such that $(/9i(Gi))$ _1 = pziGz)- 

2) A representation (G, V) is called decomposable if it is geometrically equivalent to a represen- 
tation of the form (G\ x G2, V\ © V2, where V\ and V% are non-zero. It is called indecomposable 
if it is not decomposable. 

3) A representation (G, V) is called saturated if the dimension of the center of p(G) is equal 
to the number of irreducible summands of V. 

Remark 3.2. 

The notion of geometric equivalence is quite natural, once one has remarked that the notion 
of MF space depends only on p{G). Is is worthwhile pointing out that any representation 
is geometrically equivalent to its dual representation (see Theorem I2.3.2[) . Finally note that 
any representation can be made saturated by adding a torus. 

Theorem 3.3. The complete list, up to geometric equivalence, of indecomposable saturated 
MF spaces with a one dimensional quotient is given by Table 2 (irreducibles) and Table 3 
(non irreducibles) at the end of the paper. 
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4. Proof 

This section is devoted to the proof of Theorem 13.31 The classification tables show that 
indecomposable saturated MF spaces are either irreducible (see for example Table I p. 153 
in [2]) or they have two irreducible summands (see Table II p. 154 in [2J). Using Proposition 
12.4.21 we have only to decide whether or not a given MF-spaces has a unique fundamental 
invariant. 

For the irreducible MF spaces we have checked this by a case by case computation. For the 
non-irreducible MF spaces, we also check which one have a one dimensional quotient by a 
case by case examination, using sometimes the criterion given by Proposition 12.4.31 
We also indicate whether or not these spaces are regular of of parabolic type as a prehomo- 
geneous vector spaces. 

4.1. Irreducible MF spaces. 

As said above we examine case by case the MF spaces occuring in Table 1 of the paper by 
Benson-Ratcliff ([2]). Of course the similar tables of Leahy (|10j) or of Knop ([9]) could have 
been used instead. Except that we explicitly mention the center C*, we adopt the notations 
of Benson and Ratcliff. The notations SL(n), SO(n), Sp(n) will not only stand for the groups 
but also for the natural representation of the corresponding group on C",C n ,C 2n respectively. 
The notation S 2 (SL(n)) denotes the "natural" representation of SL{n) of the space Sym{n) 
of symmetric matrices of size n, whereas A 2 (SX(n)) stands for the "natural" representation 
of SL(n) on the space AS(n) of skew-symmetric matrices of size n. Also G2 stands for the 
7-dimensional representation of G2, and E§ denotes the 27-dimensional representation of Eq. 
The notation H* denotes the contragredient representation of the representation H and the 
notation Hi Hi denotes the tensor product of the corresponding representations of H\ and 

Recall also that we say that a MF space is QD1 if it has a one dimensional quotient. 

4.1.1. SL(n) x C*(n > 1). 

It is well known that, for n > 1, this representation has no non-trivial relative invariant. 
For n = 1, the corresponding representation is C* acting on C, which has obviously one 
fundamental relative invariant, and hence is QD1. It is of commutative parabolic type, 
corresponding to the diagram (5). This is the case m = n = 1 of 4.1.6. below. It is case Ai 
in Table 1, and a particular case of (4) in Table 2. 

4.1.2. SO(n) x C*(n > 3). 

It is well known that the natural representation of SO(n) x C* on C n has a unique fundamental 
relative invariant, namely the nondegenerate quadratic form Q. Therefore it is QD1. It is also 
well known that this space is a PV of commutative parabolic type, corresponding to the dia- 

grams @ — • • • • > • -Bp+i if n = 2p + 1 and (§) — • • — • • — Dp+i 

if n = 2p. 

This corresponds to case (1) in Table 2. 

4.1.3. Sp(n) x C*(n > 2). 

This PV is of parabolic type (corresponding to the diagram @ — • • • • < •). Ac- 
cording to the table in ([14j or [16J) it has no non-trivial relative invariant, hence it is not 
QD1. 
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4.1.4. S 2 (SL(n)) x C*(n > 2). 

Up to geometric equivalence this is the representation of GL(n) on Sym(n) given by g.X = 
gX l g (g G GL(n),X G Sym(n)). This PV is of commutative parabolic type corresponding 

to the diagram • • • • • < (§ ) C n . 

The unique fundamental relative invariant is the determinant, therefore it is QD1. It corre- 
sponds to case (2) in Table 2. 

4.1.5. A 2 {SL{n)) x C*(n > 4). 

Up to geometric equivalence this is the representation of GL{n) on AS{n) given by g.X = 
gX t g (g G GL(n),X G AS(n)). This PV is of commutative parabolic type corresponding to 

M 

the diagram • • • • • «^ D n . 

It is well known that there is no relative invariant if n is odd, and that for n even the unique 
fundamental relative invariant is the pfafnan. Therefore it is QD1 if and only if n = 2p. It 
corresponds to case (3) in Table 2. 

4.1.6. SL(n)®SL(m)* x C*(n,m>2). 

By Remark 13.21 this representation is geometrically equivalent to case SL(n) ® SL(m) x 
C*(n, m > 2) which is considered in Table 1 of Benson- Ratcliff ([2]). This is the representation 
of SL(n) x SL(m) on the space M n ^ m given by (gi,g 2 ).X = giXg^ 1 , g\ € SL(n),g2 € 
SL(m),X G M„ im . This is a commutative parabolic PV corresponding to the diagram 

If n ^ m, then there is no fundamental relative invariant. If n = m, then the unique 
fundamental relative invariant is the determinant. Hence it is QD1 if and only if n = m. It 
corresponds to case (4) in Table 2. 

4.1.7. SL(2) <g> Sp{n) x C*(n > 2). 

Up to geometric equivalence we can consider that this is the representation of G = GL(2) x 
Sp(n) acting on V = M2 n ,2 by 

( gi ,g 2 ).X = g 2 X t g 1 , 9l G GL(2),g 2 G Sp(n),X G M 2 „ i2 

This is a regular irreducible PV of parabolic type (not commutative), corresponding to the 
diagram 

• ® • • • < • Cn+2 

(see [20], [2], [S]). Hence it is QD1. According to the computations in [20] (Proposition 17 
p. 100-101), the fundamental relative invariant is f(X) = Pf( l XJX), where X G M 2 „ i2 (C), 

where J = f ^ ^0™^ ' an< ^ wnere Pf(-) ^ s pfafhan of a 2 x 2 skew symmetric matrix. 
It is case (6) in Table 2. 

4.1.8. 5L(3) Sp(n) x C*(n > 2). 

This is a non regular irreducible PU of parabolic type corresponding to the diagram 
• — • — ®- 
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of type C n .f3, it is known ([T4] or |16| ) that it has no non-trivial relative invariant, hence it 
is not QD1. 



4.1.9. SL(n) (8) Sp{2) x C*(n > 4). 

This again is an irreducible PV of parabolic type corresponding to the diagram 
• — • — • ®— *=^» , 

of type C n +2- It is known ( |14j or [16J) that this PV has a non-trivial relative invariant if 
and only if n = 4. Hence this space is QD1 if and only if n = 4, and then it is regular. In 
this case the group SL(A) x Sp(2) acts on M4 by (g±,g2)-X = giXg^ 1 , and the fundamental 
relative invariant is the determinant. It is case (7) in Table 2. 



4.1.10. Spin(7) x C*. 

This space is known ([14] or [16]) to be an irreducible regular PV of parabolic type inside 

F4 corresponding to the diagram • • > • {§) . Here the space has dimension 8 and the 

action is obtained by embedding Spin(7) into £0(8). The fundamental relative invariant is 
the nondegenerate quadratic form which defines SO(8). It is case (8) in Table 2. 



4.1.11. Spin(9) x C*. 

According to [20], p. 146, number (19) of Table, this is an irreducible regular PV whose 
fundamental relative invariant is a quadratic form, hence it is QD1. According to the dia- 
gramatical rules in Remark 12.2.21 d) it is not of parabolic type. But it has nevertheless an 
interesting connection with PV's of parabolic type, see [19], Theorem 5.1. p. 377. It is case 
(9) in Table 2. 

4.1.12. Spin(W) x C*. 

This is a PV of parabolic type inside Eq (corresponding to the diagram • • • • — ® ). 

According to the table in ([14] or [16]) it has no non-trivial relative invariant, hence it is not 
QD1. 



4.1.13. G 2 x C*. 

According to [20], p. 146, number (25) of Table, this is an irreducible regular PV whose 
fundamental relative invariant is a quadratic form, hence it is QD1. According to the dia- 
gramatical rules in Remark 12.2.21 d) it is not of parabolic type. But it has nevertheless an 
interesting connection with PVs of parabolic type, see [19], Theorem 6.1. p. 381. It is case 
(10) in Table 2. 



4.1.14. E G x C*. 

This space is known ([J3] or [16]) to be an irreducible regular PV of parabolic type inside E7 



corresponding to the diagram 



-®. 



It is the 27-dimensional representation of Eq. Its fundamental relative invariant has degree 
3, it is known as the Freudenthal cubic. This is the case (5) in Table 2. 
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4.2. Non-irreducible MF spaces. 

Here we examine the cases arising in Table II of [2]. We keep the same notations for the 
representations as before. In addition we adopt also the following notation from [2]. If 
(Gi, V\) and (G2, V2) are representations of two semi-simple groups G\ and G2 which share a 
common simple factor H, then the notation G\@hG2 denotes the image of the representation 
on V% © V2 where the common factor H acts diagonally. For example SL(n) (Bsl(u) SL{n) 
denotes the direct sum representation (SL(n),C n ©C ra ), and Spin(8) (Bspin(8) SO (8) denotes 
the action of Spin(8) on C 8 © C 8 via the Spin representation on the first C 8 factor and via 
the natural representation of SO (8) on the second factor. 

4.2.1. (SL(n) ® S L(n) SL(n)) x C* 2 (n > 2). 

This space is a parabolic PV corresponding to the diagram 



D 



n+l- 



Lets us show that this space is QD1 if and only if n = 2. The representation is given by 

1 



(g,X,fj,).X = gX ^ °\ where g e SL(n),X € M n , 2 ,A,M € C*. Set X 



1 






. A 



simple computation shows that the isotropy subgroup Gx of Xq is the subgroup of SL(n) x 

A- 1 

-- 1 



C* 2 consisting of triplets of the form ( 







,A,/i). Then, an easy calculation 



shows that dimG — dimGx = 2n, and hence the point Xq is generic. Moreover the preceding 
computation of Gx shows that, if n > 2, the subgroup generated by the derived group 
SL(n) x {1} x {1} and Gx is the full group SL(n) x <C* 2 . According to Remark 12.1.11 this 
proves that if n 7^ 2 there exists no non-trivial relative invariant and hence the space is not 
QD1. If n = 2, the space is the space M2 and then the determinant is the only fundamental 
relative invariant. This is a particular case of (1) in Table 3. 



4.2.2. (SL(n)* ffi 5L(n) SL{n)) x C* 2 (n > 2). 

This is the representation of SL(n) x C* 2 on x given by (g, A, /i) (u,v) = (Xug" 1 , figv) 
where A,/i 6 C*, g € SL(n), u € Mi t % and w G M2,i- This a parabolic corresponding 

to the diagram @ — • • • • • — (§) A n+ i It is easily seen that the quadratic form 

f(u, v) = uv is the unique fundamental relative invariant and as the generic isotropy subgroup 
is reductive, this PV is regular. This is a particular case of a family of so-called Q-irreducible 
PV's of parabolic type. We refer the reader interested into details to Lemma 4.8 in |18j . It 
is case (1) in Table 3. 

4.2.3. {SL(n) ffi 5L(n) A 2 (SL(n)) x C* 2 (n > 4). 

The representation is given by (g, A, /u).(u, x) = (Xgu, ngx l g) where A,/x € C*, g € SL(n), 
u € C n ,x € AS{n). This PV is not of parabolic type except for the cases where n = 5,6, 7 
which correspond respectively to the following diagrams: 
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®- 



®- 



E 7 ; ®- 



4: 



• Suppose first that n = 2p is even. It is well known that the restriction of the representation 
to AS(n) is a regular PV of parabolic type, and that its unique fundamental relative invariant 
is the pfafnan. Moreover the generic isotropy subgroup of this component at the point J = 






Idp 


-Idp 






is the subgroup Sp(p) x C*. The restriction of the "natural" representation 

of SL(2p) x C* on C 2p to Sp(p) x C* is well known to have no non-trivial relative invariant. 
Hence, by Proposition 12.4.31 this space is QD1. As the fundamental relative invariant does 
not depend on all variables, it is not regular. It is case (2) (a) in Table 3. 

• Suppose now that n = 2p+l is odd. Rather than the group SL(n)xC* 2 , we will here consider 
the Lie algebra g = g[(n) x C acting on V = C n @AS(n) by (U,\)(v,x) = (Xv + Uv^Ux + x 1 !!) 
where A G C, U G gl(n),v G C n ,x G AS(n). Once we identify g[(n) with sl(n) x C this 
is essentially the derived representation of (SL(n) ®SL(n) 

A 2 (5L(n)) x C* 2 . Consider the 





point Xq = (vq,xq) G C n AS(n) where vq 




1 



and where xq 



' J 


" 









An easy 



computation shows that the isotropy subalgebra Qxo i s given by 



SX = {( 



A 








-A 



,A),AgC,Ag5 p ( p )}. 



As dimg — dimgx = dimF, the point Xq is generic. The Lie algebra Qx is the Lie algebra of 
a reductive subgroup. Hence this space is regular. As [g, g] = sl(n), the Lie algebra generated 
by 9x and [g,g] is equal to sl(n), and hence g/sl(n) ~ C. According to Remark 12.1.1} there 
exists exactly one (up to constants) fundamental relative invariant, and hence this space is 
QD1. Keeping the same notations as above it is easy to see that the polynomial 



f(v,x) = Pf( 



X 


V 


— t v 






, v G C n , x G AS{2p+ 1) 



is a fundamental relative invariant. These spaces are Q-irreducible in the sense of [T8| (see 
Remark 4.15 in [TH]). It is case (2) (b) in Table 3. 

4.2.4. (SL(n)* 5L(n) A 2 (SL(n)) x C* 2 (n > 4). 

This PV is always of parabolic type. The corresponding diagram is the following: 

J* 



®- 



Up to geometric equivalence we can take here G = GL(n) x C* acting on V = M\^ n © AS(n) 
by (g,X).(v,x) = {\vU~ l , Ux t U). 

• Suppose first that n = 2p is even. The restriction of the representation to AS(n) is a 
regular PV whose fundamental relative invariant is the pfaffian. The partial isotropy of 



J 






Idp 


-Idp 






G AS(n) is equal to Sp(p) x C*, and it is well known that the action of 
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Sp(p) x C* on M\ n has non non-trivial relative invariant. Therefore, from Proposition 12,4.31 
we obtain that this MF space is QD1. As the fundamental relative invariant does not depend 
on all variables, it is not regular. It is case (3) in Table 3. 

• Suppose now that n = 2p + 1 is odd. Rather than the group action, we will consider here 
the infinitesimal action. In other words we consider the Lie algebra g = gl(n) x C acting on 
V = M lt2p +i®AS(2p + l) by (U,X)(v,x) = (Au - vU, Ux + x*U) where A G C,U G Ql(n),v G 
C n , x G AS(n). Consider the element Xq = (vq,xq) G V which is defined by vq = (1, 0, . . . , 0) 



and xq 



' J 


" 









G AS(2p + 1) with J 






Idp 


-Idp 






isotropy subalgebra gx is the set of couples of the form ( 



A computation shows that the 
A), 



A 


B ' 





D 



- where A = 
7 G Sym{p). 

- where B = 



a 




. 7 


-*Q 



with a 



A,0...0 
A x 



A 1 G M p _i iP ; p 








b G Sym(p — \); 




B 



, B G C 2 ?- 1 



- and where D, A G C. 

Then one verifies that dimg — dimgx = dimF, and hence Xq is generic. Moreover the Lie 
subalgebra generated by Qx and [g, g] = sl(n) x {0} is equal to g. According again to Remark 
12.1.11 this shows that there is no non-trivial relative invariant, and therefore this space is not 
QD1. 

4.2.5. (SL(n) ® S L(n) (SL(n) <g> SL{m)) x C* 2 (n, m > 2). 

It is convenient here to replace this representation by the representation (G, V) where G = 
GL(n) x GL(m) acts on V = M n ^ © M n>m by 

(g 1 ,g 2 )(v,x) = {giv,gixg2 V ),gi G GL(n),g 2 G GL(m),v G M n>1 ,x G M n>m . 

Due to Remark 13.21 this representation is geometrically equivalent to the first one. It is not 
of parabolic type except for the following cases: 

/* 



n = 3, m G N : 
n = 4, m = 2 : 
n = 4, m = 3 : 

n = 4, m = 4 : 



-®- 



-®- 



Eq 



D 



m+3 



® 



-®- 



5, m = 2 : 



-®- 



-®- 



£?8; n = 6, m = 2 :■ 



-®- 



^7 



• Suppose n = m. Then the component M n>n = M n has a unique fundamental relative 
invariant, namely the determinant. The point Xq = (ei,Id n ), where e\ is the first vector of 
the canonical basis of M n> i ~ C n , is generic. And the partial isotropy subgroup G( 0) /d n ) is the 
diagonal subgroup {(5,3) G GL(n) x GL(n)}. Therefore the action of Gmj^ on M n> i has 
no relative invariant. According to Proposition 12.4.31 this space is QD1 in the case m = n. 
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As the fundamental relative invariant does not depend on all variables, it is not regular. It is 
case (4) (a) in Table 3. 

• Supose that n < m. A simple calculation shows that the point Xq = (e\,xo) where 
xq = [ Id n | ] is generic and that its isotropy subgroup Gx is the set of pairs of matrices 

At 



of the form (A, 



' A 


" 


B 


C 



), where B G M m _ n ^ n , C E GL{m — n), and where A 



1 







Ao 



with A\ G Mi )Tl _i and A2 G GL(n— 1). This implies that the subgroup of G = GL(n) xGL(m) 
generated by Gx and the derived group SL(n) x SL(m) is G itself. Hence from Remark 
12.1.11 we know that there is no non-trivial relative invariant, and therefore it is not QD1. 

I d m 1 . 
q is generic 

r a r 1 

A) 



Suppose that n > m + 1. Then the element Xq = (e n ,xo) where xq 



and the isotropy subgroup Gx is the set of pairs of matrices of the form ( 
where A G GL(m), where B G M mjn _ m is of the form B = [ B' | ] with B' G M, 



' / 


I 


B ' 





C 



m,n—m—l j 



and where C G GL(n — m) is of the form C 



\ C1 


" 


[ c 2 


1 



with C\ G GL(n 



m 



1) and 



C 2 G Mi. 

n—m—i- Again this implies that the subgroup generated by Gx and [G, G] is equal 
to G. Hence by Remark I2.1.H we obtain that this space has no non-trivial relative invariant, 
and hence it is not QD1. 

• Suppose finally that n = m + 1. Then the same calculation as before holds. But now as 



n — m 



1, the isotropy subgroup Gx is the set of pairs of matrices of the form ( 



A 











1 



• A) 



where A G GL(m). The subgroup G generated by Gx and [G, G] is equal to {(51,(72) G 
G I det(gi) = det((72)}- This implies that dim (7/(7 = 1 and hence by Remark 12. 1.1 1 we obtain 
that this space has one fundamental relative invariant, and therefore it is QD1. As the generic 
isotropy subgroup is reductive, it is regular. It is easy to see that f(v,x) = det(v;x), where 
(x; v) is the n x n matrix obtained by putting the column vector v left to the m x n matrix 
x, is the fundamental relative invariant. It is case (4) (6) in Table 3. 

4.2.6. (SL(n)* © 5i(n) (SL(n) ® SL{m)) x C* 2 (n > 3, m > 2). 

It is convenient here to consider the representation (G, V) where G = GL{n) x GL(m) acts 
on V = M hn © M n>m by 

(g 1 ,g 2 )(v,x) = (vgi 1 ,g 1 xg 2 ~ 1 ),g 1 G GL(n),g 2 G GL(m),v G Mi >n ,x G M n<m . 

This representation is geometrically equivalent to the original one. This PV is of parabolic 
type and corresponds to the diagram: 



®- 



Oi n +l 



A,, 



[ld n \0 



The element (ei, xq) where ex = (1,0, ... , 0) and where a^o = Id n if n = m, xq 

if n > m, is generic and almost the same calculations as in 4.2.5 



if n < m, and xq 







show that this MF space is QD1 if and only if n = m. Moreover by the same argument it is 
not a regular PV. It is case (5) in Table 3. 
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4.2.7. (SL(2) © 5L(2) (SL(2) ® 5p(n)) x C* 2 (n > 2). 

This PV is of parabolic type and corresponds to the diagram: 

® — • ® • • «=^=» C'n+s 

It is convenient to consider here the group G = C* x GL(2) x Sp(n) which acts on V = 
M 1>2 © M 2n , 2 by 

(A,5i,5 2 )-(w,x) = (Xv t g 1 ,g 2 x t gi), where A G C*,gi G GL(2),g 2 G Sp(n),v G Mi j2 ,x G M 2 „ )2 . 

This space is geometrically equivalent to the original one. The action of G on V 2 is a regular 
parabolic corresponding to the subdiagram 



-®- 



C 



n+2 



We know from [20 



(see [20], [II], [IE]). As we have already seen in section 4.1.7. its fundamental relative 

Id n ~ 

-Id n 

(p. 100-101) that the partial isotropy subalgebra of (g, V" 2 ) corresponding to a certain generic 
element xq in V 2 is given by 



invariant is the function x i — )• Pf( l xJx) where J 



(A. 



Ax 













A 4 





B 4 


Ci 





-A x 








c 4 








where X,Ax,Bx,Cx G C,A 4 G gl(n — l),i?4,C4 G Sym(n — 1). This shows that q Xq ~ 
C x sl(2) x sp(n — 1). The action of g Xo on M 2j i is then essentially the natural action of 
g[(2) on C 2 , which is known to have no non trivial relative invariant. Therefore, using again 
Proposition I2.4.3} we obtain that this space is QD1. Its fundamental relative invariant is 
given by f(v,x) = Pf^xJx). As this function depends only on x, the corresponding PV is 
not regular. It is case (6) in Table 3. 

4.2.8. (SL(n) <g> 5L(2)) 5L(2) {SL{2) <g> SL(m)) x C* 2 , (n, m > 2). 
This space again is a PV of parabolic type corresponding to the diagram 



otx 



-®- 



"®- 



A 



Oi n +2 



■n+m+1 



Up to geometric equivalence we can take here G 
V = Vx ® V 2 where 14 = M„ )2 and V 2 = M 2jm by 



= GL(n) x SL{2) x GL(m) acting on 



(9i,92,93)(u,v) = (giug 2 ,g 2 vg 3 ), 51 G GL(n), g 2 G 5L(2), 53 G GL( 



m) 



a) Let us consider first the case where n = 2 and m > 2 (or equivalently m = 2 and n > 2). 
In this case the action of G on Vx = M 2)2 has a non trivial relative invariant (the determinant), 
the (partial) generic isotropy of the matrix Id 2 is given by Gid 2 = {(g, g, 53), g G SL(2),gs G 
GrL(m)}, and the action of Gid 2 on ^2 = M 2}Tn is well known to have no non-trivial relative 
invariant. We deduce from Proposition 12.4.31 that this MF space is QD1. As the fundamental 
relative invariant which is given by f(u,v) = detu depends only on the V\ variable, it is not 
regular. It is case (7) in Table 3. 
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b) Consider now the case where n = m = 2. In this case there are obviously two fundamental 
relative invariants given by det u and det v , u G V± , v G V 2 ■ Hence this MF space is not 
QD1. 

c) Consider finally the case where n > m > 2 (or equivalently the case where m > n > 2). 
Define x$ 
element and t 







G M„ i2 and yo = [ Id 2 | J £ M 2jTn . The pair (xo>2/o) is a generic 



re corresponding isotropy subgroup is given by 



G 



{( 



92 


P ' 


,92, 


' 92 " 
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c d 



G G I g 2 G 5L(2), 5 G GL(n — 2), /3 G M 2 ,„_ 2 , d G GL(m - 2, )}. 



It is then clear that the subgroup generated by the derived group SL(n) x SL(2) x SL(m) 
and G^^) is equal to G = GL(m) x SL{2) x GL(m). Remark 12,1.11 implies that this space 
has no non-trivial relative invariant, and hence it is not QD1. 



4.2.9. {SL{n) ® SL{2)) ® S L{2) (SL(2) Sp(m)) x C* 2 , (n, m > 2). 
This space also is a PV of parabolic type corresponding to the diagram 



-®- 

OLr. 



"®- 



G n 



+m+2 



"1 a n «n+2 "n+m+2 

Up to geometric equivalence we can take here G = GL{n) x GL{2) x Sp(m) acting on V 
Vi V 2 where Vi = M„ i2 and V 2 = M 2m ,2 by 

{gi,92,gz)(u;v) = {giu t g2,g2,v t g 2 ), gi G GL(n), g 2 G SX(2), 53 G 5p(m). 



a) Let us first consider the case where n > 2. The action of G on V 2 reduces to the action 
GL(2) x Sp(m) on V 2 which is of parabolic type corresponding to the subdiagram 



-®- 



C, 



m+2 



This case has already been considered in 4.2.7. above. And we know from the calculation 
we did there that the generic isotropy subgroup of (GL(2) x Sp(m),V 2 ) consists of certain 
pairs of the form (g 2 ,gs) where g 2 takes all values in SL(2). Therefore the generic isotropy 
subgroup of (G,V 2 ) acting on V\ is the representation (GL(n) x SX(2),Vi) with n > 2. As 
this representation has no relative invariant we can apply Proposition 12.4.31 and obtain that 
this MF space is QD1. The fundamental relative invariant is given by f(u,v) = Pf^vJv), 

7d w 
-I d m 

the corresponding PV is not regular. It is case (8) in Table 3. 

b) Consider now the case where n = 2. Here each of the two subspaces (G, V\) and (G, V 2 ) 
has his own relative invariant (the determinant on V\ and the preceding invariant f(u,v) = 
Pfi^vJv) on V 2 ). Therefore this space is not QD1 if n = 2. 



where v G M 2m 2 , and where J 



As this invariant does only depend on v, 



4.2.10. (Sp(n) SL(2)) e 5L(2) (SL(2) Sp{m)) x C* 2 , (n, m > 2). 
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Up to geometric equivalence we can take G = Sp(n) x GL(2) x Sp(m) x C* acting on V = 
Vi © V 2 where Vi = M 2n ,2 and V 2 = M 2m , 2 by 

( gi ,g 2 ,g 3 ,X).(X,Y) = (g 1 X t g 2 , XgsY^), 

where 9l G Sp{n),g 2 G GL(2), 53 G Sp(m), A G C*,A G M 2n , 2 ,y G M 2m , 2 . 
According to the diagramatical rules in Remark 12.2.21 d) this space is not of parabolic type.. 
As each of the representations (G,Vi) and (G,V 2 ) is of the type seen in 4.1.7. above, they 
have each their own fundamental relative invariant. Therefore this MF space is not QD1. 

4.2.11. Sp{n) ® Sp {n) Sp{n) x C* 2 , (n > 2). 

Here G = Sp{n) x C* 2 acts on V = M 2n ,i © M 2n ,i by 

(g, A, n).(u, v) = (Xgu, p,gv), g G Sp(n), A, a G C, m, u G M 2n ,i. 



At the infinitesimal level the Lie algebra g = sp(n) 



acts on V by 



(x, X, fj){u, v) = (Am + xm, uf + xv), x G sp(n), A, \x G C, m, v G M 2nj i. 
First of all let us remark that there is at least one fundamental relative invariant, namely 

Idn 
-Id n 

Consider the element Xq = (ei,e n+ i) G M 2rii i © M 2n ,i where ej is the j-th vector of the 
canonical base of M 2n i ~ C 2n . An easy calculation shows that the isotropy subalgebra $x 
of Xq is given by: 



f(u,v) = l uJv where J 



Qx 





-A 








{( 


A 





B 





A 







C 





-M. 



-A), A G g[(rt - 1), B,C e Sym(n - 1), A G C*}. 



As dim q — dimgxo = dim V, the point Xq is generic. As Qx is the Lie algebra of a reductive 
subgroup, this PV is regular. Let g the Lie algebra generated by [g, g] = sp(n) x {0} x {0} and 
gx - We have dim(g/g) = 1. Then according to Remark 12.1.11 the polynomial f(u,v) = l uJv 
is the only fundamental relative invariant. Therefore this space is QD1. According to Remark 
12.2.21 d). it is not of parabolic type. It is case (9) in Table 3. 

4.2.12. Spin(8) ® Sp in(s) SO (8) x C* 2 . 

Let p be one of the Spin representations of Spin(8). Here G = Spin(8) x C* 2 acts on 
V = C 8 © C 8 by 

(g, A, p)(u, v) = (Xgu, pp(g)v),g G Spin(8), A, u G C, it, v G C 8 . 

This is a parabolic PV in Eq corresponding to the diagram: 



®- 



-® 



As each of the two summands of this representation has his own fundamental relative invariant 
(a quadratic form), this space is not QD1. 
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Tables of indecomposable, saturated, multiplicity free representations 
with one dimensional quotient 



Table 2: Irreducible representations 

(Notations for representations as in [2], see section 4.1.) 



Representation, rank 


Weighted Dynkin diagram (if parabolic type) 


Regular 


Fundamental invariant 


(1) 

bOyn) X <L (n > 3) 
(n > 3), rank=2 


n = 2p ® • • • • «C D p+1 

Commutative Parabolic (both) 


Yes 


Non degenerate 
quadratic form 


(2) 

S 2 (SL(n)) x C* 
(n > 2), rank= n 


• ••'•»-(§! C„ 

Commutative Parabolic 


Yes 


Determinant on 
symmetric matrices 


(3) 

A 2 (SX(n)) x C* 
(n > 4) and n = 2p 
rank=p 


M 

V 

Commutative Parabolic w 


Yes 


nfa fn a ti ("in ew-iaiir 

L^XojIIIOjII Ull oIVL W 

symmetric matrices 


(4) 

(SL(n)* ®SL(n)) x C* 
(n > 2), rank=n 


• • •— @ • • • A 2p _! 

ftl a n CK2n — 1 
Commutative Parabolic 


Yes 


Determinant on full 
matrix space 


E 6 X C* (dim=27) 
rank=3 


• 

Commutative Parabolic 


Yes 


Freudenthal cubic 


(6) 

(SL(2) ® Sp(n)) x C* 
(n > 2), rank=3 




Yes 


Pf^XJX) 
X G M(2n,2) 
P/=pfaffian of 
2x2 matrices 


(7) 

SI/(4) x Sp(2) x C* 
rank=6 




Yes 


Det(X), X 6 M(4) 


(8) 

Spin(7) x C* 
rank=2 


• ® F 4 


Yes 


Non degenerate 
quadratic form 
(Spin(7) l-> SO(8)) 


0) 

Spin(9) x C* 
rank=3 


Non parabolic 


Yes 


Non degenerate 
quadratic form 


(10) 

G 2 x C* (dim = 7) 
rank=2 


Non parabolic 


Yes 


Non degenerate 
quadratic form 
G 2 <->■ SO (7) 



MULTIPLICITY FREE SPACES 



21 



Table 3: Non Irreducible representations 

(Notations for representations as in [2], see section 4.2.) 



Representation 


Weighted Dynkin diagram (if parabolic type) 


Regular 


Fundamental invariant 


(1) 

(SL(n)* e gi . , SL n ) x (C*) 2 

n > 2 

rank=3 


® • • • • • ® A n +1 


Yes 


f(u, v) = uv 

on M(l,n) © M{n, 1) 


(2) (a) 

(5L(n) e M(B) A 2 (SL(n)) x (C*) 2 
(n > 4, n = 2p even) 
rank=n=2p 


non parabo 

a 


lie except for the case: 

D 


No 


pfaffian on skew 
symmetric matrices 
(on 2nd component) 


(2)(b) 

(SL(n) ® SL(n) A 2 (5L(n)) x (C*) 2 
(n > 4, n = 2p + 1 odd) 
rank=n=2p+l 


non parabolic except for the cases: 


Yes 


f(v,x) = 
Pf( X V ) 


® 

® • ^ • • • • Eg,n = 7. 


^[ _t„ o \> 

v e c n 

x e AS(2p+ 1) 


(3) 

(SL(n)* © Si(ll) A 2 (SL(n)) x (C*) 2 

(n > 4, n = 2p even) 

rank=n 


J® 

® • • • • «C D 2p 


No 


(on 2nd component) 


(4)(a) 

SL(n) ©„., . (SL(n) ® SLtn)) x (C*) 2 ,n > 2 


non parabolic 

• — •— e 

1 


except for the cases: 

m 

) % / D 6 , n = 3 

) 


No 


Determinant 

(on 2nd component) 


(4)(b) 

(SL(n) ® SL(n) (SL(n) ® SL(n - 1)) x (C*) 2 ,n > 3 


non paraboli 
•— ®— 

( 


c except for the cases: 

M 

./ D 5 ,n = 3 
\ 


Yes 


det(t); a;) 

f e M n ,l,X £ M n ,n-1 


(5) 

SL(n)* © Si(n) (5L(n) ® SX(n)) x (C*) 2 , n > 3 
rank=2n 




No 


Determinant 

(on 2nd component) 



Continued next page. 
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Table 3 (continued): Non Irreducible representations 

(Notations for representations as in [5J, see section 4.2) 



Representation, rank 


Weighted Dynkin diagram (if parabolic type) 


Regular 


Fundamental invariant 


(6) 

(5L(2)© SL(2) (Sr(2)®Sp(n)) 

(xC*) 2 
n > 2 
rank=3 


® • ® • • • < • C*„ +3 


No 


Pf(*XJX) 
X S M(2n,2) 
Pf = p faff urn 
(on 2nd component) 


(7) 

(SL(2) ® Si(2)) ffi SL(2) (SL(2) ® SL(n)) 
x(C*) 2 
(n > 3) 
rank=5 


• ® • ® * * # A n+S 

oil a 2 «4 a n+ 3 


No 


Det(X), X £ M(2,2) 
(on 1st component) 


(8) 

(5L(n) ® SL{2)) ® SL(2) (SL(2) ® Sp(m)) 
x(C*) 2 

(n > 3,m > 2) 
rank=6 


• — • ® — • — ® m < • c n+m+2 

«1 «2 a n «n+2 ttn+m + 2 


No 


Pf^XJX) 
X e M(2m,2) 
Pf = Pfaffian 
(on 2nd component) 


(9) 

(Sp(n)© Sp(n) Sp(n)) X (C*) 2 ,n>2 
rank=4 


Non parabolic 


Yes 


f(u, v) = t ujv 

on M(l,2n) © M(l, 2n) 
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